Quasi-independence is a common assumption for analyzing truncated data. To verify this condition, we propose a class of weighted log-rank type statistics that include existing tests proposed by Tsai (1990) and Martin and Betensky (2005) as special cases. To choose an appropriate weight function that may lead to a more power test, we derive a score test when the dependence structure under the alternative hypothesis is modeled via the odds ratio function proposed by Chaieb, Rivest and Abdous (2006) . Asymptotic properties of the proposed tests are established based on the functional delta method which can handle more general situations than results based on rank-statistics or U-statistics. Extension of the proposed methodology under two different censoring settings is also discussed. Simulations are performed to examine finite-sample performances of the proposed method and its competitors. Two datasets are analyzed for illustrative purposes.
where π (x, y) = Pr(X ≤ x, Y > y|X ≤ Y ) and F X and S Y are arbitrary right-continuous distribution and survival functions respectively, and c 0 is the constant satisfying c 0 = − x≤y dF X (x)dS Y (y). The joint function π (x, y) is defined in the upper wedge (x ≤ y) and, under H 0 , it can be factorized into the product of two marginal functions F X and S Y . Since the behavior of these functions in the lower wedge (x > y) is not specified, F X and S Y may not be equal to the true distribution and survival functions of X and Y respectively [10] . The assumption of quasi-independence in (1) is weaker than independence. Thus rejection of H 0 implies rejection of independence between X and Y but not vice versa. Many nonparametric methods for truncation data are still valid under H 0 . If X and Y are truly independent, H 0 holds and then F X (x) = Pr(X ≤ x), S Y (y) = Pr(Y > y) and c 0 = Pr(X ≤ Y ).
Unlike independent censorship which cannot be verified, quasi-independence is a testable assumption [9] . Tsai [9] proposed the first test on H 0 by defining a conditional version of Kendall's tau and then using its empirical estimator as the test statistics. Martin and Betensky [11] extended Tsai's idea to more complicated truncation structures in which the properties of U-statistics are applied in variance estimation and large-sample analysis. Chen, Tsai and Chao [12] constructed their test based on a conditional version of Pearson correlation coefficient.
In this article, we propose different methods for testing H 0 . Specifically based on a series of 2 × 2 tables suitable for describing truncated data, we construct weighted log-rank type tests. We also show that the tests of Tsai [9] and Martin and Betensky [11] can be viewed as our special cases with different forms of weight. To choose a good weight that leads to a more powerful test, we propose a score test that utilizes some distributional properties of the 2 × 2 tables. In particular, the odds ratio function proposed by Chaieb, Rivest and Abdous [10] is adopted to model the dependence structure under the alternative hypothesis. The existing testing procedures also differ in the way of estimating the variance of the corresponding test statistic. Here we adopt the functional delta method which can handle flexible weight functions and hence is a more powerful tool than the techniques based on rank-statistics or U-statistics.
The paper is organized as follows. In Section 2, we propose the main methodology by temporarily ignoring censoring. In Section 3, we derive the score test and suggest a model selection method. Large-sample properties are examined in Section 4. Modifications of all the results to account for the presence of right-censoring are presented in Section 5. Section 6 contains numerical analysis including data analysis and simulation studies. Concluding remarks are given in Section 7.
The proposed method without censoring
To illustrate the main idea, we temporarily ignore right-censoring by letting C = ∞. Observed data can be expressed as {(X j , Y j ) : (j = 1, . . . , n)} subject to X j ≤ Y j .
Constructing the test statistics based on two-by-two tables
Adapt to the nature of truncation, we can construct the following 2 × 2 table at an observed failure point (x, y) for x ≤ y.
The cell counts and marginal counts in Table 1 are defined as
Under H 0 and conditional on the marginal counts, the cell count N 11 (dx, dy) follows the hyper-geometric distribution with E(N 11 (dx, dy)|N 1• , N •1 , R) = N 1• (dx, y)N •1 (x, dy)
R (x, y) .
To test quasi-independence, we propose the following weighted log-rank type statistics:
where W (x, y) is a weight function. Motivated by the G ρ class discussed in Harrington and Fleming [13, 14] , we consider a sub-class of L W with a particular form of W (x, y) which can be written as
whereπ (x, y−) = R(x, y)/n and ρ ≥ 0 is a pre-specified constant.
The statistics L W is nonparametric in the sense that no distributional assumption about the joint distribution of (X, Y ) is made. However such information would be helpful for choosing an appropriate weight or the value of ρ in (4) which may lead to a more powerful test. In Section 3, we derive a score test that utilizes the information of the underlying association structure provided by the 2 × 2 tables.
Relationship with existing tests
The tests proposed by Tsai [9] and Martin and Betensky [11] are both related to a conditional version of Kendall's tau defined as
Note that when the event A ij occurs, (X ij ,Ỹ ij ) is located in the observable region {(x, y) : 0 < x ≤ y < ∞} and hence τ a is well defined under the truncation setting. Under quasi-independence, Tsai [9] showed that τ a = 0.
An empirical estimator of τ a can be used for testing H 0 . Specifically Tsai [9] and Martin and Betensky [11] both considered the statistics
but proposed different ways of calculating the variance of K a . For example in the absence of ties, by writing K a as the sum of conditionally independent rank variables, Tsai [9] was able to utilize rank-based results to derive the conditional variance of K a explicitly. Martin and Betensky [11] recognize the fact that K a is a U-statistic and then derive a more general variance formula which can handle tied data. The statistic K a has been extended to account for censoring [9] or even more complicated data structures [11] . Now we compare the proposed test statistics L W in (3) with K a in (5) . To simplify the analysis, assume that the data have no ties so that the values of X 1 , . . . , X n , Y 1 , . . . , Y n are all distinct. In such a case N •1 (x, dy) = N 1• (x, dy) = 1 for all tables of interest and the expected value in (2) becomes 1/R(x, y). It can be shown that
The proof of the above equation is given in Appendix C under a more general setting that includes right-censoring. By setting W (x, y) = R(x, y)/n, we get
Eq. (6) implies that L W is also a U-statistic if W (x, y)/R(x, y) is a deterministic function. However if we prefer a flexible weight function that may lead to a more powerful test, the technique of U-statistics is no longer applicable for variance estimation and large-sample analysis. Accordingly in Section 4, we will use the functional delta method to establish asymptotic properties of L W .
Conditional score test

Construction of conditional likelihood
As mentioned above, the weight function in (3) affects the power of L W which depends on the dependence structure under the alternative hypothesis. The Clayton model [15] , characterized by the constant odds ratio function [16, 17] , is perhaps the most popular choice for describing bivariate lifetime variables. The class of Archimedean copula (AC) models, which include the Clayton model and the bivariate frailty family [17] as special cases, provide a systematic framework to describe the dependence for multivariate random variables [18] . These concepts are modified by Chaieb, et al. [10] in analysis of truncated data. Here we also adopt their proposal.
We assume that π (x, y) = Pr(X ≤ x, Y > y|X ≤ Y ) is differentiable and hence the data have no ties. Chaieb, et al. [10] modified the odds ratio function suitable for truncated data as follows:
ϑ(x, y) = π (x, y) · ∂ 2 π (x, y)/∂x∂y ∂π (x, y)/∂x · ∂π (x, y)/∂y .
Under quasi-independence, ϑ(x, y) = 1 for all 0 < x ≤ y. It should be noted that the case of ϑ(x, y) < 1 implies positive association while ϑ(x, y) > 1 implies negative association between the two truncated variables.
The information of ϑ(x, y) is contained in the summary statistics of 
.
This distributional result can be further utilized to construct a score test under alternative hypotheses. Here we assume that ϑ(x, y) can be formulated as follows:
(i) The odds ratio function can be parameterized as ϑ(x, y) = θ α {η(x, y)}, where α is a parameter and η(x, y) is an unspecified nuisance function.
(ii) For each fixed η, θ α (η) is a continuously differentiable function of α and lim α→α 0 θ α (η) = 1, where α 0 is the parameter value under quasi-independence.
Suppose that η(x, y) can be estimated byη(x, y). Under a working assumption of independence among different tables of (x, y) and ignoring the distributions of the marginal counts, we can construct the following conditional likelihood function:
. (8) The corresponding score function becomes
whereθ α (v) = ∂θ α (v)/∂α. Note that Eq. (8) was motivated by Clayton [15] and Oakes [16] who considered the Clayton model for bivariate censored data.
By setting α → α 0 , the score test statistic can be obtained based on Eq. (9). Specifically since lim α→α 0 θ α {η(x, y)} = 1, the proposed score statistics has the form of L W with the weight function
Eq. (10) provides a clear guideline for choosing the weight function for L W when the assumptions on ϑ(x, y) stated in (i) and (ii) are satisfied. The level of power improvement depends on whether θ α (·) is correctly specified and how accurate η(x, y)
can be estimated. We will discuss these issues via specific examples in Section 3.2.
Semi-survival Archimedean copula models
For dependent truncation data, Chaieb, et al. [10] proposed ''semi-survival'' Archimedean copula (AC) models of the form
where c is a normalizing constant satisfying 1 = − x≤y dπ (x, y). AC models are characterized by the generating function φ α (·) : [0, 1] → [0, ∞], where φ α (1) = 0, φ α (t) = ∂φ α (t)/∂t < 0 and φ α (t) = ∂ 2 φ α (t)/∂t 2 > 0. Furthermore, they showed that under (11), the odds ratio function can be written as ϑ(
Hence AC models satisfy assumption (i) such that η(x, y) = cπ (x, y). The case of quasi-independence corresponds to φ(t) = − log(t) in (11) . After appropriate parameterization for α, we may assume that φ α 0 (t) = − log(t) for α 0 = 1 so that assumption (ii) holds.
An estimator of c may be obtained using the proposal by Chaieb, et al. [10] . Alternatively, considering that η(x, y) = cπ (x, y) in (10) is evaluated at α → α 0 , it suffices to estimate c = c 0 , the value under H 0 . He and Yang [19] proposed to estimate Pr(X ≤ Y ) under independence between X and Y . Although in the present case, c 0 is not necessary equivalent to Pr(X ≤ Y ), their idea can be modified. Specifically, one can set c 0 = F X (X (1) )/π (X (1) , X (1) ) in (1) under the assumption of S Y (X (1) ) = 1 where X (1) = min j X j . By applying the nonparametric estimatorF X of Wang, Jewell, and Tsai [7] , we havê c 0 =F X (X (1) )/π (X (1) , X (1) −). Note that the same estimatorĉ 0 can also be obtained as a solution of Eq. (12) of Chaieb, Rivest and Abdous [10] by setting α = α 0 and t = x (1) . Now we derive the suggested form of weight in (10) for selected AC models.
Example 1 (Clayton Copula) . The Clayton model [15] has the generating function φ α (t) = (t −(α−1) − 1)/(α − 1) for 0 < α < ∞, α = 1, and φ α 0 (t) = − log(t) when α 0 = 1. It follows that θ α (η) = α and hence lim α→α 0θ α {η(x, y)} = 1, which corresponds to L ρ=0 , a special case of L ρ in (4). Notice that no nuisance parameter is involved in the weight function.
Example 2 (Frank Copula). For Frank's model [20] , the generating function has the form φ α (t) = log{(1 − α)/(1 − α t )} for 0 < α < ∞, α = 1 and φ α 0 (t) = − log(t) for α 0 = 1. Since θ α (η) = η log(α)/{e η log(α) − 1} and θ α 0 (η) = 1, we have lim α→α 0θ
Thus, the suggested weight function is given by
If we estimate π (x, y) byπ (x, y−), the resulting score test becomes L ρ=1 in (7) which is equivalent to K a considered by Tsai [9] and Martin and Betensky [11] . This implies that these two tests are suitable for Frank's alternative.
Example 3 (Gumbel Copula)
. For the Gumbel model, the generating function equals φ α (t) = {− log(t)} α for α > 1 and φ α 0 (t) = − log(t) for α 0 = 1. Under the Gumbel model, (X, Y ) only permit negative association. Since θ α (η)
By plugging in the estimators of π (x, y) and c in the suggested weight, we denote the corresponding test as L inv log , which however is not a member of L ρ in (4).
In practice there may be several model choices under consideration. We suggest a heuristic approach by choosing the model that yields the highest value of L(α), whereα maximizes L(α) over the corresponding parameter space. The influence of weight on the power of the corresponding test will be evaluated later via simulations.
Asymptotic analysis
Asymptotic normality
In this section, we state the main theoretical results. We assume that the underlying distribution is absolutely continuous under the null hypothesis in (1) . Consider a class of weighted log-rank type statistics of the form,
, where w(v) is a known continuously differentiable function of v ∈ (0, 1).
Theorem 1.
Under H 0 , the statistics n −1/2 L w converges in distribution to a mean-zero normal random variable. The special case
Sketch of the proofs are given in Appendices A.1 and A.2 and more complete discussions can be found in Emura and Wang [21] .
Variance estimation
Eq. (7) shows that, in the absence of ties, L ρ=1 is equivalent to K a . Variance estimation of K a has been discussed in Tsai [9] and Martin and Betensky [11] . Here we propose a different approach. Based on the formula in (13), we can estimate σ 2 ρ by applying the method of moment and the plug-in principle. The arguments in Appendix A.2 yield the following variance formula for L ρ :
This estimator incorporates the variability of estimating the nuisance function π (x, y).
When censoring is present, analytic expressions of σ 2 ρ become complicated and not tractable. Under general situations, the jackknife method provides a convenient tool for variance estimation. For an arbitrary weight function, the variance of L W can be estimated by the following jackknife estimator:
is the statistics L W ignoring the jth observation and L
W . Emura and Wang [21] provide simulation results which compare the two variance estimators under L ρ statistics. It is found that although the analytic estimator sometimes has better performance in variance estimation by producing smaller mean-squared errors, it tends to yield less accurate type-I probability compared with the jackknife estimator. It seems that the higher-order terms omitted in the linear expression of L ρ still play some role in estimating the variance for finite samples.
The validity of the jackknife estimator is closely related to the smoothness of the L ρ with respect to the empirical processπ (x, y) = j I(X j ≤ x, Y j > y)/n. This property requires a stringent smoothness condition on the corresponding statistical functional. The following theorem can be proved by checking a sufficient condition of continuous Gateaux differentiability [22] for consistency of the jackknife method.
Theorem 2.
Under H 0 , the asymptotic variances σ 2 ρ of L ρ can be consistently estimated by the jackknife method.
The detailed proof is given in Emura and Wang [21] .
Asymptotic efficiency of the score test
The conditional likelihood constructed in Section 3 is not the true likelihood since it ignores the dependence among different tables and involves extra estimation of the nuisance parameter. Here we investigate its asymptotic efficiency. Under assumptions (i) and (ii) of Section 3.1, a Taylor series expansion of θ α (η) around α 0 leads to the contiguous alternative
Under the sequence of alternatives, it can be shown that the statistics n −1/2 L ρ converges in distribution to the normal distribution with mean
and variance σ 2 ρ . The asymptotic efficiency of L ρ can be studied by comparing the noncentrality parameter of the chi-square test defined as µ 2 ρ = µ 2 ρ /σ 2 ρ . Standard Cauchy-Schwarz type argument cannot be applied to obtain the optimal choice of ρ due to the complicated variance function that involves the nuisance parameter estimates. Note thatμ 2 ρ not only depends on the alternative structure but it also functionally depends on the marginal distributions. To investigate the efficiency of L ρ , we computẽ µ 2 ρ when the joint distribution of (X, Y ) follows the Clayton and Frank AC families with selected marginal distributions, namely exponential, uniform and chi-squared distribution. The results are depicted in Fig. 1 . For a range of ρ ∈ [0, 2], the noncentrality parameterμ 2 ρ is maximized at ρ = 0 under the Clayton model and ρ = 1 under the Frank model for all the chosen marginal distributions. These results indicate that among all members of the L ρ test, the score tests L ρ=0 and L ρ=1 are locally most powerful under the Clayton and Frank alternatives respectively.
Modification for right-censoring
In this section, we modify the proposed tests to adjust for right-censoring which arises when the process of observation has to be terminated before the event of interest occurs. Consider a situation that the lifetime variable Y is right-censored by C . In the presence of truncation, how to formulate the censoring mechanism deserves some discussions. We present two different ways to include the censoring mechanism. Both settings have been considered in the literature.
Case (A)
The censoring variable C is also subject to the truncation criteria. Individuals satisfying X ≤ C ∧ Y are included in the sample and otherwise truncated.
Case (B) Censoring only affects the individuals who satisfy X ≤ Y . Accordingly it is assumed that Pr(X ≤ C ) = 1.
Independent censorship means that the censoring event is not related to the disease process. In the presence of truncation, how to formulate the assumption of independent censoring depends on which censoring mechanism is adopted. Now we discuss the assumption for each setting. Chaieb, Rivest and Abdous [10] considered the situation in Case (A) and then made the following assumption: 
In Case (B), however, C and X cannot be independent due to the mathematical restriction X < C . For this case, define C = C R + X , where C R > 0 refers to the residual censoring time. A more proper assumption is given by
Note that in the absence of truncation (X = 0 with probability one), both cases reduce to the usual independent censorship model. In the following subsections, we discuss modification of the proposed tests under the two censoring mechanisms.
The proposed test statistic under censoring
Under both censoring frameworks, observed data can be expressed as Table 2 is a modification of Table 1 such that (x, y) denotes an uncensored failure point satisfying x ≤ y. To simplify the presentation, we use the same notations for the counts as before but modify their definitions as follows.
In Appendix B we show that, under H 0 , the population odds ratio of Table 2 is still one under both censoring settings. Accordingly the modified log-rank statistics has the same form given below
Define the L ρ statistic as
where ρ ≥ 0 is a constant andv(x, y) is an estimator of π (x, y). Note that the two censoring cases yield different consistent
In the absence of censoring,v(x, y−) reduces toπ (x, y−) for both cases. Notations L ρ (A) and L ρ (B) will be used whenv(x, y−)
is defined under Assumptions A and B respectively. Emura and Wang (2008) showed that, under Assumption A, L ρ can be written as a Hadamard differentiable function of
is also a Hadamard differentiable function ofĤ. Asymptotic normality of L ρ can be established by applying the functional delta method and the fact that n 1/2 (Ĥ − H) converges weakly to a mean-zero Gaussian process. Emura and Wang (2008) also showed that the asymptotic variance of L ρ can be consistently estimated by the Jackknife estimatorσ 2
Jack . Extension of these results under Assumption B follows essentially the same arguments by modifying the definition of ϕ(H; x, y). Therefore, the test of quasi-independence can be based on L ρ /σ Jack by applying the asymptotic normality result.
The definition of τ a has also been modified to account for censoring. Using the fact that the order of a pair is known for certain if the smaller one is observed, Martin and Betensky [11] define the event
which is a condition for the (i, j) pairs being comparable and orderable. The modified conditional Kendall's tau, denoted as τ b , has the same form as τ a with A ij being replaced by B ij . Under quasi-independence, it can be shown that under both settings,
The proof is essentially quite similar as in Appendix B and hence is omitted. In Appendix C, we show that
By setting W (x, y) = R(x, y)/n, L W reduces to the empirical estimator of τ b ,
Note that K b no longer belongs to the class L ρ in (5) when data are censored. For variance estimation, explicit variance formula for K b was proposed by Tsai [9] based on properties of rank-statistics. Martin and Betensky [11] still apply properties of Ustatistics to obtain the asymptotic variance of K b .
Conditional score test under censoring
Now we extend the analysis in Section 3 to the two censoring settings. Extension under Assumption A is first discussed since it is more straightforward. Under the alternative hypothesis, the population odds ratio of Table 2 is ϑ(x, y) = θ α {η(x, y)} and the arguments in Section 3.1 can be still applied based on the modified counts defined in Section 5.1. The conditional score tests is a special case of (15) with the weight function W (x, y) = lim α→α 0θ α {η(x, y)}. Consider the semisurvival AC models (11) in which θ α {η(x, y)} can be written as θ α (η) = −ηφ α (η)/φ α (η) and η(x, y) = cπ (x, y). To estimate the nuisance parameter we rewrite it as cπ (x, y) = c * ν(x, y), where v(x, y) = Pr(X ≤ x, Z > y|X ≤ Z )/S C (y). The nuisance parameter is estimated byη(x, y) =ĉ * ν (x, y−), whereĉ * is an estimator of c * . Under H 0 , the constant c * is Undefined Undefined estimated byĉ * 0 =F X (X (1) )/π(X (1) , X (1) −), whereF X is the estimator of Wang, Jewell, and Tsai [7] based on truncated data {(X i , Z i ) : (i = 1, . . . , n)} subject to X i ≤ Z i . The suggested weight function under each AC model is the same as those presented in Section 3.2 except that the method of estimating nuisance parameter has to be modified. It turns out that L ρ=0 and L ρ=1 (A) in (16) are the conditional score tests when (X, Y ) follows the Clayton and Frank AC models respectively.
Derivation of the score test under Assumption B becomes more complicated since the population odds ratio of Table 2 is no longer θ α {η(x, y)}. Based on (B1) of Appendix B, the odds ratio equals
Development of the conditional score test under Assumption B will be left as our future work. Nevertheless, the choice with W (x, y) = lim α→α 0θ α {η(x, y)} in (15) is still a valid test even it may not achieve the same level of power improvement. If censoring is light so that θ α {η(x, y)} is a good approximation of the true ratio, the resulting test will still be a good choice.
Numerical analysis
Data analysis
We apply the proposed methods to the aforementioned AIDS data and Channing House data and compare our results with existing analyses. The first data contains no censored observations. Lagakos, Barraj, and De Gruttola [2] divided the AIDS data into two age groups of children (37 subjects) and adults (258 subjects) and assumed independence between the incubation time X and the lapse time Y . The Z-values and p-values of five tests are reported in Table 3 . Specifically the proposed log-rank statistics based on L ρ=0 , L ρ=1 and L inv log utilize the jackknife method for variance estimation. The tests proposed by Tsai [9] and Martin and Betensky [11] have the form of L ρ=1 or K a but use their own variance estimators in the standardization. For the adult group, all the results show significant deviation from quasi-independence. The sign of the Z-values indicates positive association between X and Y (τ a = 0.111). This implies that people infected in earlier chronicle time tended to have longer length of incubation. Although similar pattern of association was also discovered in the children group (τ a = 0.117), it did not reach 5% level of statistical significance probably because the sample size is not large enough. Nevertheless H 0 is still rejected by the tests of L ρ=0 and Martin and Betensky [11] at 10% significance level.
To determine the best weight for L w , we compare values of the fitted likelihood under the three models, namely the Clayton, Frank and Gumbel families. In Table 3 , log L(α) denotes the log of conditional likelihood whenα is the maximized value of α over the parameter space of the model. For both covariate groups, the Clayton model is the best fitted one among the competitors and hence L ρ=0 is recommended.
For the Channing House example, quasi-independence between a resident's lifetime (Y ) and his/her entry age to the community (X) is examined under the two censoring mechanisms which differ in whether censoring could occur to a truncated subject. Six tests are compared in Table 4 which include the tests proposed by Tsai [9] and Martin and Betensky [11] and four proposed tests. The score tests, L ρ=0 , L ρ=1 (A) and L inv log , use the suggested weights for the three AC models respectively withv(x, y−) defined under Assumption A. The L ρ=1 (B) test adopts Assumption B to definev(x, y−). All the tests are valid.
The first analysis uses the data provided in Hyde [4] which contains 462 (97 men and 365 women) subjects. Among them, 286 people withdrew from the community yielding the censoring proportion 0.62. Based on the first half of Table 4 , the Z-value of each test indicates slightly positive association between X and Y (τ b = 0.088). The four tests, namely L ρ=1 (A), L ρ=1 (B), Tsai's test and Martin and Betensky's test, reach the 10% significance level. In fact, the likelihood analysis favors the Frank model under which the score test is L ρ=1 (A). Recall that in the presence of censoring, Tsai and The second analysis uses the data in Hyde [3] , where only the 97 men were studied with 51 subjects being censored. This subset also reveals positive association between X and Y (τ b = 0.199). Based on the second half of Note that the function R(x, y)/n assigns higher weight to early failure time y than R(x, y)/{nŜ C (y−)} in L ρ=1 (A). We suspect that the association at earlier time period is higher for the subset of men than it is for the whole sample of 462 subjects. Notice that for the male group, the L ρ=1 (B) test rejects H 0 (p-value: 0.048) while the L ρ=1 (A) test does not (p-value: 0.168). To determine which censoring assumption is more suitable, one may further examine whether the censoring event can also be truncated or not. For Channing House data among 286 censored subjects, 27 subjects withdrew from the study and the remaining 259 subjects survived until the end of study. The reason of withdraw might be due to financial insecurity. Assumption B (i.e. Pr(X ≤ C ) = 1) is more plausible if the end-of-study effect was the primary reason of censoring. However if the financial issue still affected a person's decision on the enrollment of the community, Assumption A may be a proper choice. In addition the definition of the target population is crucial. The researcher might adopt Assumption B by excluding those who were not rich enough to enroll from the target population.
Simulation studies
Finite-sample performances of the proposed test and their competitors are evaluated via simulations. Random pairs of (X, Y ) were generated from three well-known semi-survival AC models, namely the Clayton, Frank and Gumbel families discussed in Section 3.2 The level of association for an AC model can be described in terms of (pre-truncated) Kendall's tau
which is independent of the marginal distributions. Since the major goal of the simulations is to see the power improvement in the suggested weight in (10), we adopt Assumption A for the censoring mechanism, under which the score tests are derived. Accordingly, the censoring variable C was generated independently from (X, Y ). The marginals of (X, Y , C ) follow exponential distributions with the hazard rates yielding the targeted levels of c = P(X ≤ Y ) (i.e. 66.7%, 50.0% and 33.3%) for the uncensored case and of c * = P(X ≤ Z ) (i.e. 66.7%, 50.0% and 33.3%) for the 50% censored case (P(C < Y |X ≤ Z ) = 0.5) respectively. For each setting, we provide the value of conditional Kendall's tau τ a or τ b .
We consider three proposed tests, namely L ρ=0 , L ρ=1 and L inv log , using the jackknife method for variance estimation. For the Clayton, Frank and Gumbel alternatives, the score tests correspond to L ρ=0 , L ρ=1 and L inv log respectively. The tests proposed by Tsai [9] and Martin and Betensky [11] are also evaluated. In the absence of censoring, these two tests constructed based on K a are equivalent to L ρ=1 except that different variance estimators are used. Performances of the five tests at n = 100 and 200 are studied. Tables 5 and 6 summarize the results based on 500 replications when (X, Y ) follow the Clayton model. Under quasiindependence, the rejection probability for all tests are close to the nominal 5% level, and as expected, the power of each test increases as the level of association departs from quasi-independence. In all the cases, the proposed score test L ρ=0 is uniformly more powerful than the other tests. The test L ρ=1 and two related tests proposed by Tsai [9] and Martin and Betensky [11] have similar and sometimes unsatisfactory performances. Also, the power of each test improves when the censoring rate decreases. The results for the Frank model under different levels of association are summarized in Table 7 (n = 100) and Table 8 (n = 200). As mentioned earlier, the score test based on L ρ=1 and the tests proposed by Tsai [9] and Martin and Betensky [11] use the same weight function when data are not censored. Under the Frank model, the three tests have shown higher power than both L ρ=0 and L inv log as expected but a clear-cut dominance among the three is not found. Compared with the Clayton case, the magnitude of power improvement reduces a little bit. This may be due to the effect of estimating the nuisance function of π (x, y) in the suggested weight for the Frank model. Table 9 contains the results under the Gumbel model with τ = −0.2 and τ = −0.4 since the semi-survival Gumbel model only permits negative association. In contrast to the Clayton and Frank models, the discrepancy for the power curves of different tests becomes less clear. Nevertheless for the uncensored case with n = 200, the proposed score test based on L inv log still performs slightly better than the competing tests. We suspect that the gain by using the suggested form of weight 1/ log{cπ (x, y)} may be somewhat offset by estimating two nuisance parameters c and π (x, y).
Interestingly the level of truncated proportion has a clear impact on the power performance if the data follow the Frank or Gumbel models, while it does not under the Clayton model. Now we provide some heuristic explanations. Under these two models, the odds ratio function ϑ(x, y) is a monotone function of c = P(X ≤ Y ) or c * = P(X ≤ Z ). It turns out that the power of all tests increases as c or c * gets larger. In contrast, ϑ(x, y) = α under the Clayton model and this may explain why the power of the tests is not much affected by c or c * .
In general, the simulation results confirm that the suggested weight in (10) can improve the power when the alternative is correctly specified. On the other hand, a wrong choice of weight may result in loss of power. The results of the simulation studies are consistent with the efficiency study in Section 4.3.
Concluding remarks
A related area of research is testing independence for bivariate failure times. Rank-based procedures were proposed by Cuzick [24, 25] and Dabrowska [26] . Oakes [27] suggested a concordance test based on an estimate of Kendall's tau which keeps the information of ranks and has a nice expression as a U-statistic. Shih and Louis [28, 29] utilized the covariance process of martingale residuals to construct test statistics. Hsu and Prentice [30] generalized the idea of Mantel-Haenszel statistics to test independence for right-censored data. Similar idea has been extended to bivariate current status data by Ding and Wang [31] based on another formulation of 2 × 2 tables. Table 6 Empirical rejection probabilities of the proposed tests (L ρ=0 , L ρ=1 and L inv log ) and two competing tests (Tsai's and Martin and Betensky's tests) at level α = 0.05 based on 500 replications when (X, Y ) under the Clayton model with sample size 200. This article considers left-truncated data in the presence of right-censoring. A modified version of Kendall's tau was proposed by Tsai [9] and then used as the basis for testing quasi-independence by both Tsai [9] and Martin and Betensky [11] .
Alternatively we apply the idea of log-rank type statistics based on 2 × 2 tables designed for describing truncation data.
By permitting a flexible weight function, the proposed statistics form a general class of tests. A nice equivalence property between the log-rank type statistics and Kendall's tau statistics has been established. This relationship allows us to compare different types of tests under a unified framework and it turns out that the weight function plays a crucial role. The distributional properties of the 2 × 2 tables shed some light on the underlying likelihood structure. Accordingly, motivated by the papers of Clayton [15] and Oakes [16] , we derive a score test when the dependence structure under the alternative hypothesis can be modeled via the odds ratio function ϑ(x, y). Compared with the conditional Kendall's tau measures, ϑ(x, y) is a better association measure since it is independent of the marginal distributions and can be accurately estimated in the presence of censoring. The proposed score test has the log-rank type expression with the weight function chosen to fit the alternative hypothesis and hence has good power when the true model is assumed. The functional delta method is applied to derive large-sample properties for the proposed test statistics with flexible weight functions which may contain nuisance parameters. Consistency of the jackknife variance estimator is also justified.
To find the score test, a heuristic model selection procedure is proposed by comparing the values of the conditional likelihood functions under different model choices. Alternatively Beaudoin and Lakhal-Chaieb [32] proposed a different method for model selection. They also suggested fitting the AIDS data by the Clayton model and Channing House data by the Frank model.
In the analysis of the Channing House data, we discuss the issue of choosing a suitable assumption on censoring. In summary, one should check whether the reason of censoring can occur to those with X > Y . This assumption also depends on how the target population is defined. For analyzing more complicated truncation and censoring structures, Martin and Betensky [11] considered several extended versions of Kendall's tau and utilized properties of U-statistics in variance estimation and large-sample analysis. It would be interesting to apply the idea of log-rank tests to these data settings. This extension is not trivial since the formulation of appropriate ''risk sets'' in the construction of 2 × 2 tables is not straightforward. We will leave this problem as a future research topic. Table 7 Empirical rejection probabilities of the proposed tests (L ρ=0 , L ρ=1 and L inv log ) and two competing tests (Tsai's and Martin and Betensky's tests) at level α = 0.05 based on 500 replications when (X, Y ) under Frank's model with sample size 100. 
The functional delta method is applied based on the weak convergence result of n 1/2 (π (x, y)−π (x, y)) to a mean 0 Gaussian process V (x, y) on D{[0, ∞) 2 } with the covariance structure given by
A.1. Proof of Theorem 1
After some algebraic manipulations based on (6), we can write This allows us to rewrite the statistics as
By setting the argument π as π (x, y) = Pr(X ≤ x, Y > y|X ≤ Y ) and viewing the above integral as an expectation, we have Φ(π ) = 0:
By direct calculations, we can show the Hadamard differentiability of Φ(·). The differential map of Φ(·) at π ∈ D{[0,
sgn{(x − x * )(y − y * )}dh(x, y)dπ (x * , y * ). Applying the functional delta method [33] , we obtain the asymptotic expression n −1/2 L w = −n 1/2 Φ(π ) = −n −1/2 j Φ π (δ (X j ,Y j ) − π ) + o P (1), where δ (X j ,Y j ) (x, y) = I(X j ≤ x, Y j > y). It is easy to see that the sequences, U(X j , Y j ) ≡ Φ π (δ (X j ,Y j ) − π ) for j = 1, . . . , n, are iid random variables with mean-zero. From the central limit theorem, n −1/2 L w converges to a mean-zero normal distribution with the variance σ 2 = E[U(X j , Y j ) 2 ].
A.2. Analytic variance estimator for the G ρ class
Recall that the L ρ class is a sub-family of L w . For this class, one can obtain the explicit formula of U ρ (X j , Y j ) given in (13) . Accordingly it is not difficult to obtain an analytic estimator of σ 2 based on (13) as follows: The derivative map is given by Φ π (h) = (ρ − 1)/2 x∨x * ≤y∧y * π (x ∨ x * , y ∧ y * −) ρ−2 h(x ∨ x * , y ∧ y * −) × sgn{(x − x * )(y − y * )}dπ (x, y)dπ (x * , y * ) + x∨x * ≤y∧y * π (x ∨ x * , y ∧ y * −) ρ−1 sgn{(x − x * )(y − y * )}dh(x, y)dπ (x * , y * ).
Hence the asymptotic variance of L ρ can be estimated by j Φ π (δ (X j ,Y j ) −π ) 2 , where Φ π (δ (X j ,Y j ) −π ) = (ρ − 1)/2 x∨x * ≤y∧y * π (x ∨ x * , y ∧ y * −) ρ−2 
Based on the above expression, one can estimate the asymptotic variance AVar(L ρ ) = nσ 2 ρ by Eq. (14) . Table 2 Assume that all the time variables are continuous. Under H 0 and Assumption A, all entries in Table 2 is observed under the conditioning event X ≤ Z . Thus, the population odds ratio of Table 2 can be written as
Appendix B. Odds ratio of
(Under H 0 ) Under H 0 and Assumption B, all entries in Table 2 is observed under the conditioning event X ≤ Y since Pr(X ≤ C ) = 1 holds. Thus,
(B.1)
Appendix C. Derivations of equivalent expressions
In this section, we prove Eqs. (6) and (17) . Note that Eq. (6) is the uncensored case with C i = ∞ in (17) . For mathematical convenience, we define the discordant indicator ∆ ij = I{(X i −X j )(Z i −Z j ) < 0}. To simplify the notations, let W (X ij ,Z ij ) =W ij and R(X ij ,Z ij ) =R ij . One can write
Using the fact that j I(X j < X i , Z j > Z i ) = R(X i , Z i ) − 1, it follows that
The indicator ∆ ij equals zero for a pair (i, j) with X j < X i , Z i < Z j . Therefore
By applying similar algebraic manipulations, it follows that
Combining I 1 and I 2 , we obtain
For a pair (i, j) with X j < X i , the following equation holds:
Thus, we obtain Eq. (17) as follows:
The second equation follows from the permutation symmetry of each term with respect to arguments (i, j).
